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Accuracy
Misleading claims are made about the accuracy of the U-D

approach. The U-D differential equations form a complex
nonlinear system, and nothing is stated in Ref. 1 about the
stability of these equations, except that their use resulted in
excellent (but, in this author's opinion, somewhat
questionable) results in a single brief simulation application.
It is important that one investigate whether these equations
are stiff, and determine from a numerical stability and
algorithm accuracy point of view how integration accuracy is
influenced by the dynamics, measurements (which, while not
explicitly a part of the numerical integration, do influence the
U-D factors), and the process noise intensity elements, Qc.
Tapley and Peters tested their U-D differential equation
algorithms on a CDC 6600 computer. Because of this
machine's long wordlength, their results do not necessarily
reflect the relative accuracy between the Gram-Schmidt
discrete-time update and the Tapley-Peters continuous-time
approach. What their results seem to show is the effect of
numerical integration error on the discrete-time transition
matrix and U-D differential equation approaches. That the
integration results of Ref. 1 are questionable can be seen by
comparing the rms position errors in Tables 2 and 3. With a 6
s integration step, the U-D rms position error listed is 111.4
m. When the integration step is decreased to 3 s, the results
worsen (i.e., the estimate errors increase) to 146.0 m, a 30%
accuracy degradation.

A further point concerning accuracy is that the massive
amount of literature on transition matrix computation,
summarized in Ref. 7, has culminated in accurate, reliable,
and efficient methods for such computation. The U-D
equations, being new, nonlinear, and having a structure not
previously studied, have not yet been analyzed. Consequently,
the sensitivity of the solutions to stepsize, system stability,
measurement update rate, integration algorithm, and U-D
singularities all need to be studied.

Concluding Remarks
The U-D continuous-time propagation algorithm described

in Ref. 1 appears to be a promising approach to the con-
tinuous-time filter problem. The authors have, however,
exaggerated the merits of their approach. A more meaningful
demonstration of their algorithm would be for them to apply
their LANDSAT-D test problem on a 16- or 32-bit wordsize
computer. There is a need for a such demonstration because,
besides not demonstrating the numerical consistency of their
approach, Tapley and Peters assert that their continuous-time
propagation algorithm is more accurate than is the discrete-
time U-D Gram-Schmidt algorithm. To add perspective, we
point out that discrete-time U-D algorithms have been in use
for the past several years, including a number of ill-
conditioned applications and that no cases of numerical
failure or significant accuracy degradation have yet been
reported. On the other hand, such positive results have not
been the case for the continuous-time Tapley-Choe covariance
square root algorithm, reported in Ref. 5, which is quite
analogous to the U-D approach that is discussed herein. The
point to be made is that accuracy analysis studies of the
continuous-time Tapley-Choe covariance square root and the
discrete-time Carlson triangular square-roott algorithm were
carried out for the phase 1 development of the Global
Positioning System. It was concluded that the square root
covariance differential equation was unstable for this ap-
plication and, based upon its performance, it was decided that
discrete-time factorization should be used.

Our goal in this correspondence is to highlight strengths of
the discrete model and the associated U-D time propagation
that were overlooked in Ref. 1, and to correct some over-
zealous claims made about the merits of the continuous-time

U-D propagation process. Despite the flavor of our com-
ments, we are enthusiastic about the Tapley-Peters con-
tinuous-time propagation algorithm. It may well be that in
certain applications and/or studies the continuous-time
approach will be more effective, and/or give greater
engineering insight than do the discrete-time approaches.
Much remains to be done, including study of the U-D dif-
ferential equations to see how they simplify to accommodate
Markov colored noise and bias parameters, development of
methods for directly computing U-D steady-state matrix
factors, which numerical integration methods are most ef-
ficiently applied to the U-D differential equations, etc.
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THE authors agree with many of Bierman's comments
regarding Ref. 1. In fact, several of the points mentioned

by Bierman are discussed in more detail in Refs. 2 and 3.
However, there are several points made by Bierman with
which the authors do not agree. These points are summarized
as follows.

Equivalence
In his initial remarks, Bierman illustrates the equivalence

of the continuous-form linear system model

(1)

(2)

x(t0)tN(x0,P0)

with the discrete-form system model

tThe Carlson algorithm,8 is a less efficient but quite similar
predecessor of the U-D approach.
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In the above equations, A and Bc can be time dependent, £ (t)
is white Gaussian noise with diagonal intensity Qc = Qc(t),
and $ ( t j + I , t j ) is the solution of the differential equation

{ BD vvy ) is a white Gaussian sequence defined as

(3)

The only assumption implied by the solution of Eq. (2) is the
formal definition given by Eq. (3).

The equivalence of the continuous covariance update,

P(t)=A(t)P(t)+P(t)AT(t)+Qc(t) P ( t j ) = P j ( t j \ t j )
(4)

with the discrete covariance update,

can be obtained by the definition
I 3 > ( t j + 1 , s ) B c ( s ) Q c ( s ) B j ( s ) * T ( t j + ] , s ) d s

(6)

Given the definitions in Eqs. (3) and (6), the authors admit
the formal equivalence of the discrete and continuous forms
of both state update and covariance update equations (1), (2),
(4) and (5). However, in many applications, the formal
equivalence implied by Eqs (3) and (6) cannot be achieved
without carrying out the integration therein at each update,
and by then performing a square root decomposition. Such a
procedure would negate the advantages of the approach
suggested by Bier man.

As explained in Ref. 4, there are two approaches to
calculating the integral in Eq. (6). For the elements of the
general transition matrix, $(*/+/,*$), which have analytic
time-dependent solutions, Eq. (6) can be solved exactly.
Although they may not be convenient to use computationally,
proper U-D factored elements can be derived and included in
a modified weighted Gram-Schmidt orthogonalization. The
derivation of these factors for a first-order Gauss-Markov
model is illustrated in Ref. 4.

However, when there are no simple analytical expressions
for the elements of the transition matrix, some form of
numerical approximation must be made to obtain an efficient
realization of Eq. (6). Approximations are made as follows
(the derivation follows Ref. 4).

The white noise process, £($•) , is approximated by a
piecewise constant white sequence, £,. Therefore, Eq. (3)
becomes

(7)

Now, the computed covariance of BD\VJ becomes, ap-
proximately,

BDE{ wy w/ }BT
D = BDQDBT

D

(8)

where /?{£/(:*) =Qj&jk> In EQ- (8)> 'li can be shown (see Ref.
5) that QJ = Qc/At, where At=tj+1 - /,-.

Defining the first integral to be^4y, Eq. (8) can be written as

(9)

Given the U-D factors, Uj and DJ9 of the a posteriori
covariance, P(tj I f , - ) , the factors of the a priori covariance,

i\tj)^Uj+iDj+iUj+i> are obtained4 applying the
modified weighted Gram-Schmidt algorithm to the array:

(10)

where the columns are weighted by diag (Dj,Qj), and
Qj = Qc/At. Note, however, that achieving the form of Eq.
(9), requires that E [ t ( t ) $ T ( T ) ] = Q j d ( t - T ) 9 where Q} is
constant over At, and that the integral in Eq. (6) can be
separated into the two integrals given in Eq. (8). Even if the
piecewise constant approximation is satisfied for the process
noise, the factorization of the integral in Eq. (6) to obtain the
form given by Eq. (8) cannot be accomplished analytically for
many applications.

A second approximation is required to implement Eq. (10).
This occurs in the evaluation of

3>(tJ+1,s)Bc(s)ds

Bierman has proposed a solution to this integral based on the
trapezoid rule, e.g.,

A j = [ B c ( t j + 1 ) + * ( t j + 1 , t j ) B c ( t j ) ] At/2 (11)

Defining the first factor on the right-hand side of Eq. (11) as
F7, Eq. (10) becomes

(12)

Although this second approximation is not essential, an
efficient application of the UDU algorithm, as suggested in
Eq. (12), necessitates some such approximation. The con-
tinuous update algorithm,1 does not require 1) the assump-
tion implied by Eq. (11), 2) the assumption of a piecewise
constant process noise, or 3) that the integral in Eq. (6) be
factorable.

Our intent in this discussion is not to detract from the
validity and usefulness of the approximations made in the
discrete update form. In many situations, the approximations
offer more than the required computational accuracy. It is
our intent, however, to show that the discrete algorithm, when
employed with dynamic systems involving nonanalytic
transition matrix equations, does require approximations for
efficient computation. Contrary to Bierman's remarks, the
continuous update form, based on the direct integration of P
or U-D equations, is not identical to the discrete U-D
algorithm as proposed by Bierman.

Efficiency
Bierman states that the numerical results in Table 2 of Ref.

1 indicate that the U-D measurement update is 13% slower
than the conventional Kalman formulation. This appears to
be a reference to the relative efficiency of the authors' codes
for the U-D and Kalman measurement update segments.
Indeed, if one compares the lowest Kalman measurement
update time and the highest U-D measurement update time in
Table 2, the 13% value is valid. However, if one considers all
recorded measurement update times in Tables 1 and 2 (the
measurement update being independent of integration step
size), the U-D times are not consistently larger. In fact, in
Table 2, they are smaller. The measurement update com-
putation times are relatively small when compared to the
computation times for propagation and are subject to some
statistical variation due to the way they are calculated on the
CDC computer. Coding implementation certainly is a
significant factor in determining relative algorithm efficiency.
However, there is little evidence that the U-D update code
used in these tests is significantly more cumbersome than the
Kalman formulation.

In general, the computation efficiency of square root or
factored algorithms relative to the Kalman formulation is
problem dependent. In some instances, square root
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algorithms have indeed incurred large penalties in com-
putation efficiency as a price for their increased stability. The
Potter formulation used in the Apollo navigation computer is
such an example. However, even an efficiency penalty of 10-
15%, regarded as "inconsequential" by Bierman, may be
significant in many "real-time" applications Acceptable
relative efficiency in a specific situation is purely a matter of
judgement.

Ultimate achievable efficiency need not be the most im-
portant reason for selecting an algorithm, even if a particular
algorithm can be made arbitrarily efficient by the exploitation
of a triangular structure, sparseness, etc. As an example, a
standard Kalman filter implementation has been chosen for
the Space Shuttle navigation system specifically to take ad-
vantage of a computer language optimized to perform matrix
manipulations. Any level of efficiency achievable by a square
root or factored algorithm will not be satisfactory if a matrix
formulation of the algorithm is required.

With regard to specific points made by Bierman:
1) So far, the structure of the U-D differential equations

has not encouraged the use of partial analytic propagation.
However, by reordering the state equation, there is no
theoretical reason why partial analytic solutions cannot be
used in the continuous U-D formulation in problems of the
nature of those discussed in Ref. 1. The results reported in
Ref. 1 do, however, make use of all possible analytic updates
in the transition matrix computation. In addition, it should be
noted that, for recursive computations, the use of analytic
solutions does not necessarily lead to the most efficient im-
plementation.

2) Time invariance of the dynamics does allow the tran-
sition matrix to be calculated once, only, in the discrete U-D
form. Such an approach is not possible with the directly
integrated U-D equations. However, the condition of time
invariance is not applicable to either the Global Positioning
System (GPS) problem, considered in Ref. 1, or to most other
aerospace applications since the dynamics are usually time
dependent.

3) Subsystem decoupling is possible with the transition
matrix update; it is not possible with the U-D equations. The
numerical results presented in Ref. 1 did take advantage of
element decoupling in integrating the transition matrix
equations.

4) When the same dynamic model is used several times, as
in covariance analysis, the transition matrix update form is
advantageous. Such uses were not addressed in Ref. 1, and the
reusability property of variational equations does not apply in
navigation simulations, such as reported in Ref. 1, where the
extended form of the Kalman algorithm is used.

Accuracy
The topics of stability and equation stiffness were not

addressed in the preliminary investigation reported in Ref. 1.
Nor was a detailed study undertaken to ascertain the change
in integration accuracy as a function of dynamics,
measurement geometry, and process noise intensity. These
topics should be considered in more detailed investigations
and are being studied at this time.

The results in Refs. 1-3 were generated on a large-
wordlength machine. As such, truncation errors due to
numerical integration will predominate over roundoff errors.
Further evaluations of the algorithms on computers with
smaller word sizes are warranted. However, even on a large-
wordlength machine, the effect of integration error can be an
important determinant in algorithm selection.2 The results
presented in Ref. 2 give such an indication but are by no
means exhaustive.

Bierman's questions regarding the validity of the numerical
results presented in Ref. 1 do not focus on the complexity of
this question. Based on the extensive numerical simulations
reported in Refs. 1-3, it is evident that the "along-track"
error in the GPS-navigation filter considered in these in-
vestigations involves a complicated interaction of three error
sources. Numerical integration error, clock bias, and drag
coefficient error all lead to "along-track" error. The coupling
of these error sources, while not understood at this time, is
almost surely the cause of the numerical integrator depen-
dence reported.

Finally, the study cited by Bierman which was carried out
for the GPS phase I evaluation of the Tapley-Choe
algorithm6 was, to the authors' knowledge, not exhaustive.
Moreover, the application involved a backward mapping of
the observations (not a forward mapping of the state) over
time periods of up to 24 hours, assuming the presence of
process noise in the state equation. BDQDBT

D, must be time
dependent, and it must be evaluated correctly or the algorithm
will surely fail in this application. The results will depend on
the value of the continuous process noise model used to
evaluate the integral. After the observation mapping was
accomplished, the algorithm proposed in Ref. 6 was applied
to a "static" system where a recursive "update" of the state
at the initial epoch was attempted. Since the results referred to
by Bierman are not available to the authors, more specific
comments cannot be offered. However, based on the previous
statements, it is safe to say that the experience in this ap-
plication is not particularly relevant to the application
discussed in Ref. 1.

Concluding Remarks
The intent of the presentation of the results in Ref. 1 is not

to denigrate the performance of the discrete U-D factorization
time update algorithm. It has obviously proven itself to be an
efficient, accurate, and stable method in a number of ap-
plications.

The continuous U-D update form is offered as a potential
alternative to the discrete form. The results in Ref. 1 show
evidence that, in some instances, the continuous update is
competitive or even faster than the discrete form. It also
offers some options for optimizing storage requirements.
Clearly, these results are illustrative and not exhaustive. As
suggested by Bierman, additional study is required to test the
stability and adaptability of the algorithm.
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